This work presents a novel fault reconstruction approach for a large-scale system, that is, a distributed coordinated spacecraft attitude control system. The attitude of all the spacecrafts in this distributed system is controlled by using thrusters. All possible faults of thruster including thrust magnitude error and alignment error are investigated. As a stepping stone, the mathematical model of thruster is firstly established based on the thruster configuration. On the basis of this, a sliding mode observer is then proposed to reconstruct faults in each agent of the coordinated control system. A Lyapunov-based analysis shows that the observer asymptotically converges to the actual faults. The key feature of this fault reconstruction approach is that it can achieve a faster reconstruction of the fault in comparison with the conventional fault reconstruction schemes. It can globally reconstruct thruster faults with zero reconstruction error, and this is accomplished within finite time. The effectiveness of the proposed approach is analytically authenticated via simulation study.
Introduction
Distributed coordinate spacecraft attitude control system, as a large-scale system, is revolutionizing our way for performing space missions. This brings on several advantages in space mission accomplishment. It usually includes two or more spacecrafts in formation flying. It is to distribute the functionality of a single large/complex spacecraft to a set of smaller, less-expensive cooperative spacecrafts. In recent years, NASA, the U.S. Air Force, and the ESA have shown keen interests in developing reliable autonomous formation strategies to deploy multiple spacecrafts for various space missions [1] . The advantages of multiple-spacecraft formation flying include increasing resolution of scientific observations, reducing cost, enhancing overall system robustness, and adding flexibility to space-based programs. However, it also poses tremendous challenges, such as spacecraft formation initialization to reconfiguration, coordination, and formation trajectory generation. More specifically, distributed coordinate spacecraft attitude control is still an open problem that needs to be further solved.
In the past decades, the problem of distributed coordinated attitude control for spacecraft formation flying has been intensively investigated [2] [3] [4] . Classically, the leaderfollower [5] , the behavioral based approach [6, 7] , and the virtual structure [8] are three schemes for the spacecraft formation synchronization. In [9] , coordinated control for multiple spacecraft was discussed. In [8] , synchronization of spacecraft formation was investigated by using virtual structure technique. Parametric uncertainties and external disturbance were also addressed. In [10] , a robust distributed coordinated attitude control law was presented by using behavioral based approach. More specifically, due to its fast convergence rate and its superiority of stabilizing the system within finite time, finite-time controller design for distributed coordinate spacecraft attitude system has attracted more and more attention in recent years. In [11] , finite-time attitude synchronization and stabilization problem were investigated for spacecrafts. The designed controller was able to guarantee the finite-time stability of the closed-loop system.
Most of the previous research, however, handles distributed coordinate spacecraft attitude control based on 2 Mathematical Problems in Engineering the assumption that an exact model of the actuator is available. This assumption is rarely satisfied in practice because the actuator parameters may have uncertainties due to installation error, aging and wearing out of the mechanical and electrical parts, and so forth. The first type of uncertainty in actuator that needs to be tackled is actuator faults [12] . Once a spacecraft is launched, it is highly unlikely that its hardware can be repaired. Thus any component or system failure cannot be fixed with replacement parts. These issues can potentially cause a host of economic, environmental, and safety problems. SMC with actuator faults does not seem to have received much attention in the literature. In [13] , a SMC based controller was proposed to achieve reliable attitude stabilization, while actuator outage faults were accommodated. An adaptive SMC control approach was proposed in [14] for performing attitude tracking maneuvers in the presence of disturbances and thruster's failures. Another adaptive SMC attitude control was presented in [15] to handle several fault scenarios of rotating solar flaps. The authors in [16] looked at a terminal sliding mode control approach for the satellite formations flying. However, stability analysis of the closedloop system was not provided when the faults occurred. For a flexible spacecraft with partial loss of control effectiveness fault, a SMC control was developed in [17] to accomplish attitude tracking.
Active FTC relies on the availability of a Fault Detection and Isolation (FDI) block that detects and identifies fault online [18] [19] [20] [21] and then reacts to the system fault actively by reconfiguring controller. The application of active FTC to satellite attitude control, especially the FDI design, has attracted considerable interests. A dynamic neural network scheme was presented in [22] to detect and isolate reaction wheel faults. In [23] , the problem of detecting reaction wheel faults in a tetrahedron configuration was investigated. An iterative learning observer-based FDI was reported in [24] to estimate time-varying thruster faults. In [25] , a twostage Kalman filtering algorithm was developed to estimate reaction wheel faults; a fault-tolerant controller was then synthesized to accommodate the faults. Two model-based schemes were developed in [26] by using H ∞ /H 2 filters to address the fault diagnosis problem of micro thrusters. In [27] , a set of fault detection filters were presented for deep space satellites to detect and identify faults in sensors or actuators. In [28] , the problem of robust FDI design for thruster faults in the Mars Express satellite was discussed. For a benchmark Mars Express satellite, the authors in [29, 30] presented a nonlinear sliding mode observer to identify and isolate faults induced in thruster and sensors.
Another type of uncertainty in actuator that should be addressed is actuator misalignments. Due to finitemanufacturing tolerances or warping of the spacecraft structure during launch, some actuator alignment error will definitely exist. That problem may cause the onboard control algorithm to fail and thus pose significant risk to the successful operation of the spacecraft. It is thus desirable to design a control methodology to handle actuator misalignments. Unfortunately, there has been insufficient research on control in the presence of actuator misalignments. One paper developed an adaptive control law to accomplish attitude maneuver in the presence of relatively small gimbals' alignment error of variable speed control moment gyros [31] . In [32] , a nonlinear model reference adaptive control scheme was tested in the presence of alignment errors up to fifteen degrees. Although an extended Kalman filter was used in another approach to develop methods for on-orbit actuator alignment calibration, uncertain inertia properties were not taken into account [33] . In another study [34] , an adaptive control approach was proposed for satellite formation flying. The backstepping technique was used to synthesize the controller, and the thrust magnitude error and misalignment were successfully handled.
Based on the above analysis, it is known that if the fault occurring in any spacecraft can not be successfully in realtime, then it may degrade the whole performance of the distributed coordinate spacecraft attitude control system. Sometimes, it would fail the space missions of the spacecraft formation flying. This issue may pose a question for us; that is, if the fault in each spacecraft can be exactly diagnosed or reconstructed, then a fault-tolerant coordinate attitude controller can be designed as follows to guarantee the acceptable performance even in the presence of fault. Motivated by this, this study will investigate the problem of fault reconstruction for each spacecraft of the considered coordinate spacecraft system. In this work, a sliding mode observer-based reconstruction approach will be presented to estimate the faults. This approach can achieve a faster reconstruction in comparison with the conventional fault diagnosis schemes. Moreover, it is able to estimate the occurred fault in finite time with zero reconstruction error.
The remainder of this paper is organized as follows: In Section 2, problem formulation is presented including mathematical model and problem statement. A sliding mode observer-based fault reconstruction approach is developed in Section 3, and also the stability of closed-loop observer error system is provided. In Section 4, simulation results with the application of the designed fault reconstruction scheme to a distributed coordinated spacecraft attitude control system are presented. Section 5 presents some concluding remarks and future work.
Problem Formulation
The notation adopted throughout this paper is introduced as follows: Let I ∈ R × denote the -byidentity matrix and the symbol ‖ ⋅ ‖ denotes the Euclidean norm or its induced norm. For vector
T with sign(⋅) the sign function.
Mathematical Model of Distributed Coordinated Spacecraft
Attitude Control System. In this work, each spacecraft in the distributed coordinated system is modeled as a rigid body in a three-dimensional space, and an external disturbance is not considered in the model description. For a distributed coordinate system with spacecrafts, let F denote the inertial frame and F denote the body-fixed frame of the th Mathematical Problems in Engineering 3 spacecraft. For each spacecraft, given a Euler rotation angle ( ) ∈ R about the Euler principle axis n ∈ R 3 , the attitude orientation of the th spacecraft in F with respect to F can be represented by the MRP vector
which is given by [35] = n tan( ( )/4), ( ) ∈ [0 ∘ , 360 ∘ ). Let the angular velocity of the th spacecraft with respect to the inertial reference frame F and expressed in the bodyfixed frame F be denoted by ∈ R 3 . Using the MRPs, the kinematic differential equation of the th spacecraft can be determined as follows [35] :
where the matrix S(x) is the skew-symmetric matrix such that S(x)y = x ⊗ y for any vectors x, y ∈ R 3 , with "⊗" being the vector cross product.
The dynamical model of the th spacecraft motion can be found from Euler's moment equation, and it is given by [36] 
where J ∈ R 3×3 (positive and definite) is the total inertia matrix of the th spacecraft and
denotes the total control torque generated by all the mounted actuators.
In this work, information exchange among agents can be represented as a graph. Graph G consists of a node set V = {1, 2, . . . , }, an edge set E ⊆ V × V, and a weighted adjacency matrix Λ = [ ] ∈ R × . To define the communication topology in the network we consider agent spacecraft as nodes of a graph, called communication graph. The communication links among the agents are considered as the communication graph edge set.
Thruster Fault of Each Spacecraft.
Because thruster can generate larger control torque than reaction wheels, it becomes one type of actuators commonly used in large-angle attitude maneuver. Thus, all the agents in the distributed coordinated spacecraft system considered in this work are controlled by using thrusters. A thruster consists of a flow control valve and a combustion chamber. When propellant passes through the combustion chamber, chemical reaction takes place generating thrust through the nozzle.
Assume that thrusters are mounted in the th spacecraft. For the th thruster in the th spacecraft, = 1, 2, . . . , , its configuration is shown in Figure 2 ; the force component can be derived as
where > 0 is the constant thrust level, is the elevation angle, and is the azimuth angle. Let r = X + Y + Z be the vector representing the placement of the reaction thruster from the satellite center of mass. Torque component provided by the th thruster can be calculated as
Then, the applied control torque u generated by thrusters is
In this study, thruster faults including misalignment error and thrust magnitude error are considered. The nature of those two scenarios is described as follows.
(1) Misalignment Error. In practical aerospace engineering, the configuration of actuators is not perfect. Misalignment error may exist due to space debris or finite-manufacturing technique. As a result, the demanded torque from controller is different from the torque produced by the actuators. For the th thruster in the th spacecraft, misalignment error may exist in r and the alignment angles , . Let r 0 , Δr denote the nominal and the alignment error distance between satellite center and the thruster, respectively. Then, r can be rewritten as r = r 0 + Δr . Assume that the thruster is tilted over nominal direction with small constant angles, Δ and Δ . Then, the alignment angle can be denoted as = 0 + Δ and = 0 + Δ , where 0 and 0 are the nominal alignment angle.
(2) Thrust Magnitude Error. As discussed in [37] , due to reduction in the amount of propellant's mass, the amount of thrust generated is reduced. Moreover, due to wear and tear, the conductivity of the wires, capacitor, and electrodes may decrease. Consequently, the amount of discharge current produced during the generation of pulses is reduced, resulting in the reduction of the amount of thrust produced. Those two issues will inevitably introduce the problem of thrust magnitude error for thruster. For the th thruster in the th spacecraft, let 0 and Δ represent the nominal and error of thrust magnitude, respectively. The actual thrust can thus be denoted by
Taking thruster magnitude error and alignment error into consideration, in (4) can be rewritten as
From (5) and (7), the real/total thrust force with magnitude error and misalignment is expressed as the sum of nominal and thrust error terms in the body-fixed frame:
where the vector u nor ∈ R 3 is the nominal control torque commanded by the controller of the th spacecraft and u fault ∈ R 3 denotes the faulty torque induced by misalignment error and thrust magnitude error of thrusters in the th spacecraft.
Problem Statement.
In this study, our objective to be achieved can be stated as follows: Consider the distributed coordinate spacecraft attitude control system and design an observer-based reconstruction approach to reconstruct all possible faults occurring in thrusters of all the distributed coordinate system. Moreover, the reconstruction error of the faults should be governed to zero in finite time, and a faster reconstruction of thruster fault should be accomplished.
Sliding Mode Observer-Based Fault Reconstruction Approach Design
A sliding mode observer-based fault reconstruction approach will be developed for the distributed coordinate system. With application of this approach, the thruster fault occurring in each spacecraft will be reconstructed. The reconstruction error will converge to zero with finite-time convergence. In this section, the upper bound of the thruster faults will be firstly analyzed or estimated. This estimated upper bound will be useful for the choice of the observer gains in the following proposed sliding mode observer.
Analysis of the Upper Bound of the Thruster Fault. Define a matrix T ( ) = (G ( ))
−1 ; combining with the spacecraft kinematics (1) and its dynamics (2), taking thruster fault (10) into consideration, it can establish the following transformed two-order differential equation:
where
Property 1. The matrix G ( ) is such that [38]
T ( ) = 16
Property 2. The matrix J ( ) is positive-definite and symmetric. There exist two positive scalars min ∈ R and
Property 3. The matrix C ( ,̇) and the time-derivative of J ( ) satisfy the skew-symmetric relationship [38] x T (J ( ) − 2C ( ,̇))x = 0 for all x ∈ R 3 .
Theorem 1. For the thruster fault u in (10), it is bounded by a positive and known constant ∈ R. Moreover, if the term (T ( ))
T u in (11) 
is viewed as a lumped fault, then this can be bounded by a positive constant 8 ; that is, ‖(T ( ))
T u ‖ ≤ 8 .
Proof. As shown in (10), it is known that
According to the physical limitation of thruster, the thrust magnitude error should absolutely satisfy
On the other hand, although there exists alignment error in each thruster of the th spacecraft, this misalignment should be finite, and it will be always such that
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From (14) and (15), the following inequality can be obtained:
With the definition ΔD and D 0 in (8) and (9), respectively, it follows that ‖ΔD ‖ ≤ 2 √ 3 and ‖D 0 ‖ ≤ √ 3. Then, it leaves inequality (16) as
It can be concluded from (17) that the possible thruster fault u fault is bounded by ≤ 11 √ 3 ∑ =1 ‖r 0 ‖; that is, ‖u fault ‖ ≤ .
In addition, it can be obtained from (12) in Property 1 that
Consequently, using inequalities (17) and (18), it yields that the lumped fault (T ( )) T u fault in (11) is bounded by
To this end, the upper bounds of the thruster fault u fault and the lumped fault (T ( )) T u fault are thus successfully analyzed. Thereby, the proof is completed here.
Fault Reconstruction Approach Design.
For the transformed attitude dynamics (11), the following change of coordinates will be firstly introduced:
Then, it can rewrite (11) as the following nonlinear system:
Before presenting the details of the sliding mode observer-based fault reconstruction approach, the following lemma is firstly presented; it is useful for proving the stability of the proposed observer.
Lemma 2 (see [39]). Suppose that there exists a continuous positive-definite function 1 ( ) satisfying the following inequality:̇1
Then, 1 ( ) will converge to zero in a finite-time ∈ R,
where 1 > 0, 1 > 0, and 0 < < 1 are scalars.
To accomplish the reconstruction of thruster fault in finite time, a sliding mode observer will be developed. The sliding surface is given as follows for each spacecraft:
In (27) , is designed as follows:
where > 0, > 0, and > 0 are constants. and are odd positive integers such that < . Proof. Choose a Lyapunov candidate function as = (1/2)M T J (x 1 )M . Then, differentiating both sides of , it leads tȯ=
Using (27) and Property 3, inserting (24) into (31) yieldṡ
From Theorem 1, it is known that ‖(T ( )) T u fault ‖ ≤ 8 ; that is, ‖y 1 ‖ ≤ 8 . Then, with the choice of the observer gain in (30) , it leaves (32) aṡ
Consequently, using Lemma 2, it can be obtained from (33) that ( ) ≡ 0 for all ≥ :
At this time, applying the definition of , one has M ( ) ≡ 0 for all ≥ . Therefore, for all ≥ , it leads tȯ
On the other hand, it follows from the reconstruction errorỹ 1 that
As a result, it is obtained from (35) and (36) thatỹ 1 ( ) ≡ 0 for all ≥
. From this, we can conclude that the lumped fault reconstruction errorỹ 1 ( ) of the proposed sliding mode observer converges to zero within finite time. Thereby the proof is completed here. Proof. It follows from (22) that
As stated in Theorem 3, it is seen thatŷ 1 will converge to y 1 with finite-time convergence. More specifically, it has y 1 ( ) ≡ 0 for all ≥ . Hence, it leaves (37)
which implies that u fault can be reconstructed by (G ( )) T , then it has e ( ) ≡ 0 for all ≥ . Hence, the proof of Theorem 3 is completed.
Simulation Results
To illustrate the performance of the proposed fault reconstruction approach, three spacecrafts in a distributed coordinate configuration are considered in the simulation; that is, 
#T 1 twelve thrusters to perform large-angle attitude maneuver; that is, = 12, = 1, 2, . . . , . For the th spacecraft, those twelve thrusters are assumed to be distributed symmetrically on three axes of F , and the propulsion force is perpendicular to the corresponding axis such that the distribution matrix can be simply determined by the distance r 0 , = 1, 2, . . . , 12.
The mechanical configuration of thrusters is illustrated in Figure 3 . The thrusters are commanded in pulse delay and duration, providing a nominal force of 0.8 N. The nominal positions (i.e., the point of application of the main thrust force) and orientation (azimuth and elevation) of thrusters are reported in Table 1 . In simulation, the initial conditions of the th spacecraft with the quaternion and the angular velocity are 
Thruster Faults.
To investigate the fault reconstruction performance of the proposed scheme, the following thrust magnitude error scenarios and thruster's misalignments are introduced and simulated.
(i) A random misalignment is added each time the thruster is switched on, which corresponds to a random thrust misalignment. The model for this misalignment is a Gaussian noise on both the azimuth and the elevation angles (i.e., Δ and Δ , resp.; = 1, 2, . . . , and = 1, 2, . . . , 12), each with standard deviation of 2.5% ( Figure 1 ).
(ii) Supplementary position of thruster Δr , = 1, 2, . . . , , = 1, 2, . . . , 12, is modeled as a Gaussian noise, each with standard deviation of 4%.
(iii) For all the twelve thrusters in each spacecraft, the force delivered is modeled with a nominal value signal 
Control Performance.
When the proposed reconstruction approach for thruster faults is applied to each spacecraft of the distributed coordinate attitude system, the sliding mode observer-based reconstruction scheme leads to a good reconstruction performance. Figure 2 illustrates the error between u fault 1 and its reconstruction value (G 1 ( 1 )) Tŷ 1 1 . It is seen that the reconstruction error e 1 ( ) converges to zero in a finite-time 1 = 7.3 seconds. For the 2nd spacecraft, it is obtained from the reconstruction approach that the reconstruction error e 2 ( ) is finite-time stable, and its converging time is 2 = 17.5 seconds, as we can see in Figure 3 . Moreover, it is shown in Figure 4 that the reconstruction approach is able to reconstruct the faults occurring in the third spacecraft. This reconstruction is accomplished in a finite-time 3 = 25 seconds. From those results, it is seen that a faster reconstruction of the thruster faults in the considered distributed coordinate spacecraft attitude control system is achieved.
Conclusions and Future Work
A sliding mode observer-based fault reconstruction scheme was proposed for each agent in a distributed coordinated spacecraft attitude control system. Thruster faults were investigated. The proposed reconstruction approach guaranteed that all possible thruster faults were reconstructed with zero reconstruction error. Moreover, it was able to accomplish a faster fault reconstruction, because it was capable of making the reconstructed signal converge to the actual fault within finite time. By choosing the observer gains, such finite time can be tuned by the designer. If the spacecraft was only under the effect of external disturbance, then this approach can also reconstruct the magnitude of external disturbance with finite-time convergence. This was another feature of this approach. However, this work only carried out fault reconstruction for distributed coordinate spacecraft system; the attitude controller design was not done. As some of future works, reliable attitude controller should be carried out by using the reconstructed fault signals obtained from the reconstruction approach in this work.
